Abstract. In this paper, we establish a necessary condition in terms of curvature for the Kobayashi hyperbolicity of a class of almost complex Finsler manifolds. For an almost complex Finsler manifold with the condition (R), so-called Rizza manifold, we show that there exists a unique connection compatible with the metric and the almost complex structure which has the horizontal torsion in a special form. With this connection, we define a holomorphic sectional curvature. Then we show that this holomorphic sectional curvature of an almost complex submanifold is not greater than that of the ambient manifold. This fact, in turn, implies that a Rizza manifold is hyperbolic if its holomorphic sectional curvature is bounded above by −1.
Introduction
It is known that if a complex manifold admits a Hermitian metric with holomorphic sectional curvature bounded above by −1 , it is hyperbolic in the sense that its Kobayashi pseudo-distance is a distance (see, e.g., [5] ). In [6] , S. Kobayashi extended his concept of hyperbolicity to almost complex manifolds and obtained the hyperbolicity criterion for almost Hermitian manifolds. In [9] , authors studied various connections on almost complex Finsler manifolds in pursuit of application to global properties of the manifolds. Here we further explore the usage of such connections and extend Kobayashi's results to so-called Rizza manifolds, almost complex Finsler manifolds with the compatibility condition (R) on the Finsler metric and the almost complex structure.
In §2, we set up the notations for Rizza manifolds and cook up a unitary frame bundle. In §3, we cook up various connections and define the torsion and the curvature. A connection on FU(M ) induces a connection ∇ onπ : p * T M → T M satisfying ∇G = 0 and ∇J = 0. To choose the most natural connection among such connections, we impose an extra condition on the torsion of the connection ∇. In order to define the torsion, we introduce a linear connection on 
C and so we can define a torsion of ∇ as that of a linear connection on T ( T M )
C . And hence the torsion has horizontal and vertical components. We then prove a Theorem 3.1 on the existence of a special connection. This is a generalization of the canonical connection of a almost Hermitian manifold introduced by Kobayashi [6, 7] . With the canonical connection ∇ , we define the holomorphic sectional curvature
In §4, we prove one of the main ingredient: non-increasing property of the curvature for submanifolds. On an almost complex submanifold M of a Rizza manifold (M, J, L) , we will produce a canonical connection and its curvature. And then we show that the holomorphic sectional curvature of M does not exceed that of M (see, e.g., [2] for the Hermitian case). This is crucial in proving the Theorem 5.2.
In §5, we do some analysis on the holomorphic map f : D(0, 1) → M. The canonical connection defined in §3 enables us to do such computation. As a consequence, we generalize a theorem of Kobayashi on the hyperbolicity criterion for almost Hermitian manifolds by Kobayashi [6] to Rizza manifolds: 
Preliminaries
Let M be a 2n-dimensional manifold with an almost complex structure J and a Finsler metric L. We call the triple (M, J, L) a Rizza manifold if the following condition, the Rizza condition, is satisfied:
where φ θ (y) = (cos θ)y + (sin θ)Jy. 
, then g ij is a-priori a Riemannian metric(see [3] ). This is why we are interested in the condition (R) for almost complex Finsler manifolds.
This G is an almost Hermitian structure on p [10] . Now consider a subbundle FU(M ) of FM defined in the following way. Let R 2n be equipped with a Euclidean inner product and
. . , 2n } be the standard basis of R 2n and let {e 1 , . . ., e n , Je 1 , . . ., Je n } be a local orthonormal frame field of p
Furthermore, by the orthogonality of u , we have
And the map u → (x, y, α) gives a local trivialization of FU(M ). In summary, we have
is a principal bundle over T M with the structure group U(n).

Connections on the unitary frame bundles
The principal bundle FU(M ) in Proposition 2.1 admits a connection. Its connection formω is a u(n) -valued 1-form on FU(M ). The connection form ω induces an affine connection ∇ on p * T M → T M making both G and J parallel: ∇G = 0 and ∇J = 0. Now the connection form for ∇ is a locally defined
We then have a covariant derivative on p 
and V is the vertical subspace of T T M with the basis .
and V 0,1 is spanned by
. Then we define a Hermitian metric on
is orthonormal and we define the induced linear connection on T M by
We now define the torsion of the connection ∇ on p 
where χ :
Finally we are ready to define a special connection on a Rizza manifold (M, J, L). We call this uniquely defined connection the canonical connection of the Rizza manifold (M, J, L). Clearly G and J are parallel with respect to the new connection ψ.
Then Θ a (H,H) = 0 and Θ a (H,V) = 0. Thus ψ is the desired connection. Now for the uniqueness of such connections, assume that there exist two such connections ψ 1 and ψ 2 with the corresponding horizontal torsions Θ 1 and Θ 2 respectively. Since ψ 1 and ψ 2 are skew-Hermitian, we may put We have the following analogue of Theorem 3.1 by imposing the conditions on the vertical torsion. 
where Θ a is the horizontal torsion of ∇.
Remark. For a complex Finsler manifold, the Chern-Finsler connection has a torsion whose horizontal (1, 1) torsion vanishes and whose vertical torsion has noθ a ∧ φ b and φ a ∧φ b terms. So both connections in Theorem 3.1 and Theorem 3.3 are generalizations of the Chern-Finsler connection for complex Finsler manifolds. As we will see in §4, the connection in Theorem 3.1 is much more useful than the one in Theorem 3.3. This is why we call the connection in Theorem 3.1 the canonical connection.
Curvature of almost complex submanifolds of Rizza manifolds
Let (M, J, L) be a Rizza manifold of dimension 2n and let M be a 2m-dimensional almost complex submanifold of M, i.e., at each point of x ∈ M , the tangent space T x M is invariant under J. A Rizza metric L on M induces a Rizza metric on M . Here we show that the holomorphic sectional curvature of M is not greater than that of M. This is a generalization of the well-known property in Hermitian geometry(see, e.g., [2] ) and is essential in the proof of Lemma 5.1. Hereafter, we denote by R bācd , K F , etc., the corresponding quantities R bācd , K F , on M .
Let {e 1 , . . . , e n , Je 1 , . . . , Je n } be a local orthonormal frame field on p 
In summary, we have
for the canonical connection on T M .
Kobayashi Hyperbolicity of Rizza manifolds
In this section, we establish a necessary condition for the Kobayashi hyperbolicity of Rizza manifolds. Recall that a mapping f :
whereJ is the complex structure on D(0, 1). The concepts of Kobayashi pseudo-distance and hyperbolicity for complex manifolds can be extended to our setting as usual. For a description of intrinsic metrics and hyperbolicity in detail, we refer to [5] .
Now we do some analysis on the holomorphic maps.
Since f is holomorphic and S is discrete, M is an almost complex submanifold of M. Now we have a basis
For a local orthonormal frame field of p
and
. Now instead of a rectangular coordinate system (y 1 , y 2 ) , let us use a polar coordinate system (r, θ). Then for y ∈ T M , the Rizza condition (R)
i.e., g ij (x, y) is independent of y and so is G ij (x, y). Therefore
Following the notations in §2, we put
Notice that the canonical connection ψ of M is of the form αθ −ᾱθ + βφ −βφ. And its horizontal torsion is In summary, we have the following theorem, which is a generalization of the theorem of Kobayashi [6] on the hyperbolicity criterion for almost Hermitian manifolds to Rizza manifolds. 
